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• logic for a Mathematician
•

geoqgnhy of logic
•

qeoopephy of space
• spatial semantics
e spaces of motels
• the undulyirgspau Gabegie



togicforamatheuuaticelogn.cmm be considered

^
- on a foundation for ruothuuotics
2- as a particular hit of Mathematicae

object-

full talk from p -o . ✓ 2 .

( outy look thug to tag about s)



logicforamathuuoticefomw.ithin maths a logical theory is a
think of algebraic ttuutme ( like groups , rings ..)

we have
.
collection of objects(tots , terms, foundatypes propositions

• operators
• detention sites (telling hour to apply the

Operators en
sorte
, tenus , famulos)bogie is a brande ofalgebras
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two Kinds of topic :

e formule oriented operate =
AND

,
ok

,

ÂÎEN

prop logic
taken from language

proue tmthofa proposition

• objet oriented operate = I TI

taken from set theytype theories build term of a giue type
→ ring like structure -2

= add
M - promet ) algebra of sets



Ageogophyef-tpaasdiffaeuliabeec-gean.mg . combi - objet
geauualouis iuatdiscute Topology geometry

Stone Sp .
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thespaaseftogi.ee
Spatial Semantics

e Spaces of motels

• Space of a logical theory



spodiolseurauli-iutupvthegicaltheou.es in spatial objets .

= logic can talk about Space -

platy of instances of this idee



intuition ist Semantics for propositional topic

tpa
,
,,

y ts EH

mon generally { formule } → P (E)
= {o.BE

( stilldassicall

intuitionest { fournie } → OK) ( algebra of
(Heyting) of a Spacex)

(mot + a- -
- - )



exemple : Theory of sub sets of a given set E

{ atomic formule} = {dt of E} = E

classico model = E → { $ . 1}

(⇒ sub set of E

intuition , 1-model =
E→ OK)

(⇒ subspace of Ex✗

( where E discute )



thgekai-theoyp.ectheory of groups :( but also mouah, rings, )
•
one sont G

Vector Space . . .

•
one constant e : G
-

•
one way ap -

i : G → G variation : FOL

•
one binary ap - M : GXG→ G

+ """" of -

✗Î#£ [""motels in Set = chemical gp .
local rings

- - e

Top - Sp = topologie gp weak the Fame

Man =
Lie

gp



Aqeoepphyofmothemahialelg.at

spatial support exofohg -
structure

set mouais, group , ring, V. Space
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MLI Dependent type theory

types cour depend ou variables
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MLTT
-

: motel in Set ( type - set = object )
tenu = fat - arrow

Voevodsky .

modlin Simplicial sets , co - groupes, - . .

classico models homotopie models t④
→ new

dependent type map
E
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E
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for a given regime of space , one can hope to finda
logical/automatic description :

set ⇐ 7F
, type th -

plan, livres, cincles → Euclid/Hilbertaxions

proj space ← incidence Theory

i.



for a given logiciel Theory , one can learn

from Semantics in other spaces than sets

thomotapical Semantics of MLTT :

• explain . why profs of identify are notunique
•

whyfd-nudnotloeeateusioual.provide miroitent universe (not the case of Gook
.
una

in 2F )
• introduce tueur cation hierarchy of types



Voevodsky universe

G- fh
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• Univ

.

•
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•



Spaasofmotetse
a Logical theories has models

for some Special theories (callet geometric)
the collection of all Models in Set/{ai}
has a Canonical

"

topo Logical structure
"

( can be a top . space but more generally
is a Top» )



exairple :
Stone duahfy .

B Boolean oleg . motels = B → { o . B
f- logical they) morphe of Boole alg .

Stone duatity = the set of models is the setof

points of a top . space : a Stone
space

(ettJB is interpreter as depuis)
same with dist lattice and coherentSpaces - - -



uranyle theory of gp : models
= category of gp .

there exist a Space whose collection ofpoints
is the category of groups !

Cannot be a top . sp ( ony trouve pasetofpt atmort
→ Repos .

the types of the Theory au interprete as
(tems)

gheowes over the topos of groups .(morphisme of Shearer)



Why is there such a topo logical enhancementof motels?
Because

•
Book :{0,1} has a canonicat topology (désuet)

•
oh

. fr0,1}- (Sierpinski)

• gp Et
(ut of sets ) has a can _ top . structure



r

the iloa of ln having the category set into a
"

Space
"

is quite fantastic - - .

Launet define directly this topo logiciel structure ugpaàÏdefinition is done by defiuiug what i, a
Wulin nous mop ✗→ Eet sets

ÉÆÏ
good#p. space

" theshot * × essence of
it is a shop (of sets) ou ✗ Repos Theory



formalisation of space is often done n'a algebra offa
the wdiouoftopos is our instance of this idee

SpaceX tuoliuiy olgeka effet
Space

Stone Loi} chopent✗| ( Brookly)discute espace

Gelfand [aider CLX , lois) ( C
"

-dg)
real internat

top . sp {ai} OH) (fame of gun )( locale) Sierpinski space

topos set SMH) (logoofsheaves)



Dnohities for logic

logic MY space

Boole Stone sp .

D. lat coh sp

Alg -Theory varieties ( Laurene)
duohtz

Ess - dy - Theory tafia -

Pascot Cookie - Olneyduoliy

ooh theory
Ultrawt Charroi)(contopus ) duohty

geometric Theory
(Kina of Foth )

topos (Autosome all)



What to do with there Spaces of models ?

• use logic to stutz Space
fact that a space chauify a structure prouidemayta.is

•

euery top -

sp champion prop th .

) generator• - tapes - Fou ton
0k)
,
Shi)

• un space
to study logic

• Universal motel

• Complétude theorem (Gohel-Deligne
. reconstruction of syntax from motels



theundutyiyspaeeofalap.ca
group

can have an un du Lying set| ?:P top - sp

manipule|
:

if logiciel theory au algebraic structures
what bind of uuduhphg object can they have ?



at minimum :

e set of terms

|
multisortes

• set of types Theory
• set of formulas

could be upload by other hits of space
lait botter :



ÙvuemW

types → objet iuo.cat

tenus
→ arrow in a cat

formula _ monomorphisme (sub objets)

substitution→ composition of arrows

a logiciel Theory hos au uudulyiy category
operators are structure ou this category(detention vies



structure Spihysuppat
Law vue : alg th =

couteau categories
FOC = doctrine
Hole

= alentour tape
type

=

cout closedhauebek - Scott : ✗
- calcul

contr
. : Dependent type theory = la cally cout.

a-I.tv#offibrautelg.ets-
Giroud : Linear Logic = Cate - - -





twuµL! motets ( ananas)
translation

Hover
"

syntax join» syntax (ZE)- - -

interpretation

qgoogweortryntox . - - -
- - - →

category (set
, .iq
.
)( Bourbaki

, evey one)

category À category
Cat- fheaists)youyou

"

Lauren made theories homegenevois with Semantics aigoun

Button the préture is spatial roller than linguiste



Giuandaiticism-i.pngech.mg the logie on

category loses the Core of topic :

rewriting of terms ⇒

do not see normalisation result .
. .

Courbe death with : in fait normalisation
is chanicolly par an a gean pls :builda
section of the my { petons} →{terms}



categories with présentation (putorius )

§ normalisationI theorem

↳Êtagonies with find set of objects ( definition quality)
§ stùdificatiouof operationsJ theorem

oifdategaies up to Equivalence ( no more quality of
objets onty isomorphisme)J J compatien

theorem

category of models
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haute
you-



two Kinds of intuition for mathematicae objects

Ei : object = formule

schizophrénie : operation ou objets
do not fit operations ou formulas

(2-F)
"

spatial
"

: abject = spatial extension +
structure

filling of operations ( op ou obj -- op ou sets



category Theory is build anound the motion
of universal ppaty .

¥ : liuiits/colimits objet

abject uuivusaly-li.mil#fygygVoliuut--uuiuusolyreeeiviug
Mapping into all objects objet✗

•

each object
of the diag .

of the diag .

the bogie in action is spatial /of position)
a category Thuriot is happy if he can reduce to univ . prop -



the syntax of logic procède ano then pictures
terms = tues

bon:c Epuration = opaphtiug


