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Abstract

The most classical way to construct the set of terms of a logical theory seems to involve variables,
but these variable are not fundamental and the terms (somehow) do not depend on them. Variables are
thus merely a convenience to write explicitely (i.e. on paper) the terms of the theory. Because of this,
the formal status of these variables is often left unclear. This note presents my understanding of it. We
shall see that the notion of equivalence of category play a central role.

1 The construction of terms

1.1 Signature
A signature Σ is the data of

1. a set S of sorts (or types)

2. a set F of function symbols

3. a sort function (or codomain function) cod ∶ F → S

4. an arity function (or domain function) dom ∶ F → List(S)

A set of variables for a signature Σ is an infinite set V together with a surjective map σ ∶ V → S such
that the fibers of σ are all infinite. The fiber of σ over a sort S in S is the set of variables of sort S.

We define terms, their sorts and their list of variables inductively. The set T (Σ) of terms of
signature Σ is defined inductively by

1. any variable x is a term of sort σ(x) with list of variable (x);

2. for any function symbol f of arity (S1, . . . , Sn) and sort S0, and for any terms ti (i = 1 . . . n) of sort
Si with list of variables (xi1, . . . , xiki), then f(t1, . . . , tn) is a term of sort S0 with list of variables the
(x11, . . . , x1k1 , . . . x

n
1 , . . . , x

n
kn

) (the concatenation of the list of variables of the ti).

The sort and list of variables of term define functions

sort ∶ T (Σ)→ S and var ∶ T (Σ)→ List(V)

Terms can be represented as planar trees, whose nodes are decorated by function symbols and whose
leaves are decorated by variables. The decorations must satisfy the following coherence rule: for every node
with n branches decorated by f , the sort of the decoration of the branches (whether they be nodes or
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leaves) must match the sort of the arities of f . In this picture, the sort of a term is the sort of its root
node and its list of variables is simply the list of leaves of the corresponding tree (ordered, say, from left to
right). The minimal context of a term is defined as the list obtained from the list of variables by removing
the repetition of variables (but keeping them in the same order). For example, if the list of variables is
(x, y, x, z, y) the minimal context is (x, y, z).

In fact, it is of prime importance in the definition of terms that the ti are allowed to be the same.1 This
is why a same variable can appear multiple times within the list of variables of a term. As I understand,
this repetition is the main reason to introduce variables in the writing of terms: say f is a function symbol
of arity (S,S) and x and y are two variables of sort S, then the use of variables allows to make a difference
between terms like f(x,x) and f(x, y). Jonas: is there an alternative?

The use of variables is also useful to denote the substitution operation. But we need to introduce the
notion of context first.

A context x⃗ = (x1, . . . , xn) is a list of variables (elements in V) without repetition (but different variables
are allowed to have the same sorts).2 The set of contexts is a subset List′(V) of List(V).

A term in a context is a pair (x⃗, t) where x⃗ is a context and t a term whose variables are among the list
x⃗. If x⃗ is the minimal context of a term t, t can only be associated with a context y⃗ containing all variable
of x⃗ (although the order of x⃗ need not be respected). For example, is the minimal context of t is (x, y), t
can be associated with the context (y, x, z) but not (z, y).

For a sort S, let T (x⃗;S)(Σ) be the set of terms of sort S in the context x⃗. We denote by TC(Σ) the set
of all terms in contexts

TC(Σ) =∐
x⃗,S

T (x⃗;S)(Σ).

Variables are also useful to denote substitution. The substitution operation consists in replacing all
occurence of a variable by a term of the same sort. Although it looks like it is defined on terms, it is better
understood as an operation on terms in contexts. Let f be a term in the context x⃗ = (x1, . . . , xn). Then
f can be written f(xi1 , . . . , xik) for (xi1) a subset of the variables (xi) (not necessarily in the same order).
For each i = 1 . . . n, let ti be a term of sort Si = sort(xi), all defined in a same context y⃗. Let t⃗ refer to the
list of terms (t1, . . . , tn). We denote (y⃗, t⃗) the data of (t1, . . . , tn) in the context y⃗.

The substitution of t⃗ for x⃗ in f can be written symbolically

f(xi1 , . . . , xik)[t⃗/x⃗] = f(xi1 , . . . , xik)[ti/xi] = f(ti1 , . . . , tik)

The new term f[t⃗/x⃗] is then always defined in the context y⃗.
The substitution operations define functions

T (y⃗, S1)(Σ) × ⋅ ⋅ ⋅ × T (y⃗, Sn)(Σ) × T (x⃗, S0)(Σ) T (y⃗, S0)(Σ)
((y⃗, t⃗), (x⃗, f)) (y⃗, f[t⃗/x⃗])

This structure is very close to the composition of the syntactic category.3

1The theory of groups or rings need repetitions of variables in their terms and in there axioms (inverse law m(x, x−1) = e for
groups, distributivity a(b + c) = ac + ab for rings).

2Because of this ’no repetition’ feature of contexts, the consideration of contexts of arbitrary length is only possible if, for
each sort, the set of corresponding variable is infinite.

3Technically, it is a multicategory structure on the set of variables. Ask me, if you want more details.
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1.2 Algebraic theories
An algebraic theory T (Tau) is the data of

1. a signature Σ

2. a set A (Alpha) of axioms which are triplets (x⃗, t1, t2) where x⃗ is a context, and t1 and t2 two terms
in the context x⃗.

The terms of the theory T are defined as equivalence classes of terms in context in the signature Σ.
Precisely, we define ∼A to be the smallest relation on TC(Σ) such that

1. is is an equivalence relation (reflective, transitive and symmetric)

2. for any (x⃗, t1, t2) in A, we have (x⃗, t1) ∼A (x⃗, t2)

3. ∼A is compatible with substitution

(a) for each (y⃗, u⃗), and any (x⃗, t1) ∼A (x⃗, t2), we have

(y⃗, t1[u⃗/x⃗]) ∼A (y⃗, t2[u⃗/x⃗])

(b) for each term (x⃗, t) and any (y⃗, ui) ∼A (y⃗, vi), we have

(y⃗, t[u⃗/x⃗]) ∼A (y⃗, t[v⃗/x⃗])

The last two axioms are saying that the equivalence relation ∼A is compatible with the substitution maps

T (y⃗, S1)(Σ) × ⋅ ⋅ ⋅ × T (y⃗, Sn)(Σ) × T (x⃗, S0)(Σ) T (y⃗, S0)(Σ)

Let TC(Σ,A) = TC(Σ)/ ∼A be the set of equivalence classes of ∼A. The terms of T = (Σ,A) are defined
to be the elements of TC(Σ,A).

The relation ∼A preserves the context and the sort of terms in context, so we can define

T (x⃗, S)(Σ,A) ∶= T (x⃗, S)(Σ)/ ∼A

and get
TC(Σ,A) =∐

x⃗,S

T (x⃗, S)(Σ,A).

The compatiblity of ∼A with substitution defines new substitution maps

T (y⃗, S1)(Σ,A) × ⋅ ⋅ ⋅ × T (y⃗, Sn)(Σ,A) × T (x⃗, S0)(Σ,A) T (y⃗, S0)(Σ,A)

1.3 The syntactic category
The syntactic category Syn(Σ,A) (or Syn(T)) of a theory T = (Σ,A) is defined as follows:

1. its set of objects is the set of contexts List′(V);

2. Hom(y⃗, x) = T (x⃗;σ(x))(Σ,A)

3. Hom(y⃗, x⃗) = Hom(y⃗, x1) × ⋅ ⋅ ⋅ ×Hom(y⃗, xm) (the elements of Hom(y⃗, x⃗) are the (y⃗, t⃗) considered in
the definition of the substitution operations)

4. the identity of x⃗ is given by the family (x⃗, x⃗)
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5. the composition is induced by substitution functions.

Precisely, with the previous notations, the substitution define functions

Hom(y⃗, x⃗) ×Hom(x⃗, z) Hom(y⃗, z)

(where z is a variable of sort S0). The composition in Syn(Σ,A) is obtained by replacing z by a list z⃗ and
using the substitution maps for each component zi.

Remark: Strictly speaking, the construction of Syn(Σ,A) depends on the choice of the set V of variables,
and the notation Syn(Σ,A,V) would be more accurate. But if V is replaced by another set V′ with sort
function σ′ ∶ V′ → S then the two categories Syn(Σ,A,V) and Syn(Σ,A,V′) are equivalent to each other.4

So in this sense they are "the same" category and there is no need to refer to V in the notation.

1.4 α-reduction and the skeletal model of Syn(Σ,A)
1.4.1 Skeletal categories

Recall the notion of isomorphic object in a category and that "being isomorphic" is an equivalence relation
on the set of objects. A category is called skeletal if the equivalence classes of this relation are reduced to
a single object (i.e. if two isomorphic objects are in fact equal).

Any category is equivalent to a skeletal one, and any two skeletal categories which are equivalent are
actually isomorphic. In other terms, considering only skeletal category is a way to get rid of the equivalence
of categories and consider only category up to isomorphism. This is kinda nice, but only in theory. In
practice, it comes with technical drawbacks. For example, considering a skeletal model of the category of set
creates difficulties. This means that we have a single set of given cardinality (for example, a single singleton).
But then, talking about subsets become much more involved, the classical constructions of the sum or the
cartesian products would no longer apply... It is not impossible to work like this and this might be a matter
of getting used to it, but there are other problems. Notably, skeletal categories are not stable by functor
categories: if C and D are skeletal, then Fun(C,D) need not be.5 This makes it necessary to work with
categories that are not skeletal.

One way to construct a skeletal replacement for a category C is the following: consider the equivalence
of isomorphism on the object of C and (using the axiom of choice) pick a single object in each equivalence
class. Then consider the full subcategory of C spanned by these objects only, it is skeletal.

For the categories Syn(Σ,A), there is another way to construct a skeletal model, which does not involve
the axiom of choice.

1.4.2 α-equivalence

Two terms t and t′ are are said to be α-equivalent if they differ by a renaming of their variables. Precisely,
two terms in context (x⃗, t) and (y⃗, u) are α-equivalent if there exists a bijection φ ∶ {x1, . . . , xn} ≃ {y1, . . . , ym}
preserving the sorts of the variables and such that u = t[φ(xi)/xi].

The α-equivalence is an equivalence relation on TC(Σ,A) (which does not preserve the contexts of terms
but which preserve the sorts of the context, as well as the sort of the terms). Precisely, the function extracting
the context

ctx ∶ TC(Σ,A) List′(V)
4This is actually a good exercise to prove it. Hint: consider a function V → V′ preserving the sorts and use it to define a

functor Syn(Σ,A,V)→ Syn(Σ,A,V′) which is fully faithful and essentially surjective.
5Take C = the group Σ2 = Z/2Z and D a skeletal model for Set. Let E = {1,2,3,4} be the set with four element in D. The

group Σ2 is acting on E by the permutation (1 ↔ 2,3 ↔ 4) or by the permutation (1 ↔ 3,2 ↔ 4) these define two functors
C → D which are isomorphic but not equal.
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is not preversed by the α-equivalence, but the function

ctxsort ∶ TC(Σ,A) List′(V) List(S)

extracting the sorts of the contexts is. And so is the function

sort ∶ TC(Σ,A) S

extracting the sort of the term.
For a list of sort S⃗ = (S1, . . . , Sn) and any sort S0, let TC(S⃗, S0)(Σ,A) be the fiber over S⃗, S0 of the map

(ctxsort, sort) ∶ TC(Σ,A) List(S) × S

The α-equivalence relation restrict to TC(S⃗, S0)(Σ,A) and the quotient TC(S⃗, S0)(Σ,A)/ ∼α is called the
set of terms in context S⃗ of sort S0 up to α-equivalence.

Moreover the substitution maps are compatible with the α-equivalence, in the sense that any change of
variable φ ∶ x⃗ ≃ y⃗ and ψ ∶ z⃗ ≃ v⃗ induce a commutative square

T (x⃗, S1)(Σ) × ⋅ ⋅ ⋅ × T (x⃗, Sn)(Σ) × T (z⃗, S0)(Σ) T (x⃗, S0)(Σ)

T (y⃗, S1)(Σ) × ⋅ ⋅ ⋅ × T (y⃗, Sn)(Σ) × T (v⃗, S0)(Σ) T (y⃗, S0)(Σ)

(φ,...,φ,ψ) φ

Because of this the following definition make sense.

The skeletal syntactic category Synsk(Σ,A) is defined as follows:

1. its set of objects is the set List(S);

2. Hom(S⃗, S′) = TC(S⃗, S0)(Σ,A)/ ∼α (= set of terms up tp α-equivalence)

3. Hom(S⃗, S⃗′) =Hom(S⃗, S′1) × ⋅ ⋅ ⋅ ×Hom(S⃗, S′m)

4. the identity of S⃗ is given by the α-equivalence class of the family (x⃗, x⃗) for any context x⃗ of sort S⃗.

5. the composition is induced by substitution.

This is the definition that is mostly used of the syntactic category of a theory T = (Σ,A). In the case
where the set of sort S is a singleton (single sorted theories), the set of object of Synsk(Σ,A) is simply the
set of natural numbers. This is much simpler to describe than the set of object of Syn(Σ,A) involving the
set of variable V. Another good thing about the skeletal version is that the notion of model of the theory
T(Σ,A) correspond exactly to that of strict cartesian functors from Synsk(Σ,A) to Set (provided Set is
equipped with a choice of cartesian products and terminal objet).

Exercise: Prove that Synsk(Σ,A) and Syn(Σ,A) are equivalent categories.

Morale: Considering Synsk(Σ,A) instead of Syn(Σ,A) and strict cartesian functors instead of cartesian
functors is a way to stay closer to the syntax than category, but, somehow, the point of introducing the
syntactic category is precisely to get rid of the too rigid structures imposed by the syntax. Syntactic
categories are meant to be more flexible than the syntax (that is why it is interesting to consider them, if
they were exactly equivalent to the syntax, they would not bring much), and this is notably because they
are considered up to equivalence of categories.

For this point of view, considering Syn(Σ,A) is simpler than Synsk(Σ,A) because we don’t have to worry
about α-equivalence (it is taking care of automatically: any two α-equivalent terms are isomorphic arrow in
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Syn(Σ,A)6) Moreover, the notion of equivalence of categories takes care automatically of the independence
with respect to the choice of the set of variables. Finally, defining models as cartesian functor instead of
strict cartesian functor is much simpler (since it does not involve a choice of cartesian product or terminal
object). As we’ve seen in the course, the resulting category is equivalent to the category of strict model. So
if there are equivalent, the one with the simplest definition should be preferred.

6Two arrows f ∶ x → y and f ′ ∶ x′ → y′ in a category C are said to be isomorphic if there exists isomorphisms φ ∶ x ≃ x′ and
φ ∶ y′ ≃ y such that f ′ = ψ ○ f ○ φ.
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